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ABSTRACT 
In recent year’s many special functions given by mathematicians, here a new function termed as New Advanced 

Modified Mm-   function has been introduced. This Function is a particular case of H-function given in [2, 3]. This 

function is important because hypergeometric function and Mittag-Leffler function follow as particular cases and these 

functions have great significance in the context of problems in physics, biology, engineering and applied sciences. It 

is to be noted that Mittag-Leffler [4, 5] function occurs as solution of fractional integral equations in those subjects. 

In this paper we have also obtained the fractional integration and fractional differentiation of New Advanced Modified 

Mm-   function. 
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INTRODUCTION 

We give the new special function, called New Advanced Modified Mm-function, which is the most generalization of 

New Generalized Mittag-Leffler Function .Here, we give first the notation and the definition of the New Special New 

Advanced Modified Mm- function, introduced by the author as follows:  

 

𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡)

= ∑
(𝑎1)𝑛𝑘  … (𝑎𝑝)

𝑛 𝑘
(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛

∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1    (𝑐𝑡)(𝑛+𝛾)𝛼−𝛽−1

      ∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
         (1.1) 

There are 𝑝  upper parameters 𝑎1,𝑎2, … 𝑎𝑝 and 𝑞  lower parameters   𝑏1,   𝑏2, … 𝑏𝑞 , 𝛼, 𝛽, 𝛾, 𝛿, 𝜌 𝜖 𝐶 , 𝑅𝑒(𝛼) > 0 , 

𝑅𝑒(𝛽) > 0 , 𝑅𝑒(𝛾) > 0 , 𝑅𝑒(𝛿) > 0 , 𝑅𝑒(𝜌) > 0 , 𝑅𝑒(𝛼𝛾 − 𝛽) > 0 and (𝑎𝑗)𝑛𝑘  (𝑏𝑗)𝑛𝑘  , (𝛾)𝑛𝑘, (𝛿)𝑛𝑘 ,  (𝜌)𝑛𝑘 are 

pochammer symbols and 𝑘1, … 𝑘𝑝, 𝑙1, … 𝑙𝑞are constants. The function (1) is defined when none of the denominator 

parameters 𝑏𝑗𝑠, 𝑗 = 1,2, … 𝑞  is a negative integer or zero. If any parameter 𝑎𝑗  is negative then the function (1) 

terminates into a polynomial in (𝑡). 

 

RELATIONSHIP OF THE 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐
𝑝

𝛼,𝛽,𝛾,𝛿,𝜌
FUNCTION AND OTHER SPECIAL 

FUNCTIONS 
In this section, we define relationship of 𝑁𝑒𝑤 𝐀𝐝𝐯𝐚𝐧𝐜𝐞𝐝 𝐌𝐨𝐝𝐢𝐟𝐢𝐞𝐝 𝐌𝐦 function and various special functions 

 

(1). For ∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1 /  ∏ 𝑏𝑖
𝑏𝑖 = 1  ,𝑛

𝑖=1 𝑘1 = 𝑎, 𝑘2 … 𝑘𝑝 = 1, 𝑙1, … 𝑙𝑞 = 1, 𝛿 = 1 and 𝜌 = 1 , 𝑐 = 1 , k=1,we defined 

relationship of 𝑵𝒆𝒘 𝐀𝐝𝐯𝐚𝐧𝐜𝐞𝐝 𝐌𝐨𝐝𝐢𝐟𝐢𝐞𝐝 𝐌𝐦 −   function  and various special functions.  

 

The 𝑵𝒆𝒘 𝐀𝐝𝐯𝐚𝐧𝐜𝐞𝐝 𝐌𝐨𝐝𝐢𝐟𝐢𝐞𝐝 𝐌𝐦 −   function reduces to New Generalized Mittag-Leffler Function [6] 

𝐌𝐦1
𝑎,1

1
𝛼,𝛽,𝛾,1,1 (𝑡) = 𝑡𝛼𝛾−𝛽−1 ∑

(𝛾)𝑛(𝑎)𝑛(𝑡)𝛼𝑛

𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)

∞

𝑛=0

= 𝑡𝛼𝛾−𝛽−1𝐸𝛼,𝛼𝛾−𝛽
𝛾 [𝑎𝑡𝛼]                                                        (2)         

 

(ii). We take 𝛾 = 1, in (2) obtained Generalized Mittag-Leffler Function [10], we get 

𝐌𝐦1
𝑎,1

1
𝛼,𝛽,1,1,1 (𝑡) = ∑

(𝑎)𝑛(𝑡)(𝑛+1)𝛼−𝛽−1

Γ((𝑛 + 1)𝛼 − 𝛽)

∞

𝑛=0

= 𝑡𝛼−𝛽−1𝐸𝛼,𝛼−𝛽[𝑎𝑡𝛼]   (3) 
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(iii). Further 𝛽 = 𝛼 − 1,, in(3), this 𝐌m -function converts Mittag-Leffler Function [6,7], we have 

𝐌𝐦1
𝑎,1

1
𝛼,𝛼−1,1,1,1 (𝑡) = ∑

(𝑎)𝑛(𝑡)𝑛𝛼

Γ(𝑛𝛼 + 1)

∞

𝑛=0

= 𝐸𝛼[𝑎𝑡𝛼]                     (4) 

 

(iv). When 𝑎 = 1 and 𝛽 = 𝛼 − 𝛽 in (4) then the 𝐌𝐦 -function treats as Agarwal’s Function [1] 

ℳ1
1,1

1
𝛼,𝛼−𝛽,1,1,1 (𝑡) = ∑

(𝑡)𝑛𝛼+𝛽−1

Γ(𝑛𝛼 + 𝛽)

∞

𝑛=0

= 𝐸𝛼,𝛽[𝑡𝛼]                  (5) 

 

 

(ix). On substituting 𝛼 = 1, 𝛽 = −𝛽 in (3), we get Miller and Ross Function [5].  

ℳ1
𝑎,1

1
1,−𝛽,1,1,1 (𝑡) = ∑

(𝑎)𝑛(𝑡)𝑛+𝛽

Γ(𝑛 + 𝛽 + 1)

∞

𝑛=0

= 𝐸𝑡[𝛽, 𝑎]                                                                                                          (6) 

  

 

MATHEMATICAL PREREQSITIES 

The Riemann-Liouville fractional integral of order Cv  is defined by Miller and Ross (1993, p.45) 
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where Re(v)>0. Following Samko et al. (1993, p. 37) we define the fractional derivative for 0  in the 

form 
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Where 
)][Re(

 means the integral part of ).Re(
 

 

FRACTIONAL INTEGRAL AND FRACTIONAL DIFFERENTIAL OF THE NEW 

ADVANCED MODIFIED MM-   FUNCTION  
Let us consider the fractional Riemann − Liouville (R-L) integral operator, as in [5,8] (for lower limit 𝑎 = 0 with 

respect to variable z) of the  𝑵𝒆𝒘 𝐀𝐝𝐯𝐚𝐧𝐜𝐞𝐝 𝐌𝐨𝐝𝐢𝐟𝐢𝐞𝐝 𝐌𝐦 −   function (1). 

v

tD

0 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡) =

 

 
1

Γ(𝑣)
∫(𝑧 − 𝑡)𝑣−1

𝑧

0

∑
(𝑎1)𝑛𝑘  … (𝑎𝑝)

𝑛 𝑘
(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛

 ∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1    (𝑐𝑡)(𝑛+𝛾)𝛼−𝛽−1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
 𝑑𝑡 

=
1

Γ(𝑣)
∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛 𝑘

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘…(𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞
𝑛=𝑜

 ∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1

𝑘1
𝑛…𝑘𝑝

𝑛 (𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑙1
𝑛…𝑙𝑞

𝑛  𝑛!Γ((𝑛+𝛾)𝛼−𝛽)
 × 

∫(𝑧 − 𝑡)𝑣−1

𝑧

0

(𝑡)(𝑛+𝛾)𝛼−𝛽−1 𝑑𝑡 

=
1

Γ(𝑣)
∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛 𝑘

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

  
∏ 𝑎𝑖

𝑎𝑖𝑛
𝑖=1

∏ 𝑏𝑖
𝑏𝑖   𝑛

𝑖=1

𝑘1
𝑛 … 𝑘𝑝

𝑛 (𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑙1
𝑛 … 𝑙𝑞

𝑛 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
𝑧

(𝑛+𝛾)𝛼−𝛽+𝑣−1

×  

 

𝐵((𝑛 + 𝛾)𝛼 − 𝛽, 𝑣) 

=
1

Γ(𝑣)
∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛 𝑘

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1

𝑘1
𝑛 … 𝑘𝑝

𝑛 (𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑙1
𝑛 … 𝑙𝑞

𝑛 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
𝑧(𝑛+𝛾)𝛼−𝛽+𝑣−1 ×  
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Γ((𝑛 + 𝛾)𝛼 − 𝛽)Γ(𝑣)

Γ((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑣)
 

  

=
Γ((𝑛 + 𝛾)𝛼 − 𝛽 − 𝑛)

Γ((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑣 − 𝑛)
𝑧𝑣 ∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛 𝑘

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1

𝑘1
𝑛 … 𝑘𝑝

𝑛 (𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑙1
𝑛 … 𝑙𝑞

𝑛  𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
 

× 𝑧(𝑛+𝛾)𝛼−𝛽−1
((𝑛 + 𝛾)𝛼 − 𝛽 − 𝑛)𝑛

((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑣 − 𝑛)𝑛
  

 

=
Γ((𝑛 + 𝛾)𝛼 − 𝛽 − 𝑛)

Γ((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑣 − 𝑛)
𝑧𝑣 ∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛 𝑘

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1

∏ 𝑏𝑖
𝑏𝑖   𝑛

𝑖=1

𝑘1
𝑛 … 𝑘𝑝

𝑛 (𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑙1
𝑛 … 𝑙𝑞

𝑛 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
 

𝑧(𝑛+𝛾)𝛼−𝛽−1
((𝑛 + 𝛾)𝛼 − 𝛽 − 𝑛)𝑛

((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑣 − 𝑛)𝑛
 

v

tD

0 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡) =

Γ((𝑛 + 𝛾)𝛼 − 𝛽 − 𝑛)

Γ((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑣 − 𝑛)
 𝑧𝑣 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌  

 (𝑎1 … 𝑎𝑝, 𝛾, 𝛿, (((𝑛 + 𝛾)𝛼 − 𝛽 − 𝑛) ) ; , 𝑏1  … 𝑏𝑞, 𝜌, , ((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑣 − 𝑛);  𝑧)0(4.1) 

 

Riemann − Liouville Fractional derivative of 𝑁𝑒𝑤𝐀𝐝𝐯𝐚𝐧𝐜𝐞𝐝 𝐌𝐨𝐝𝐢𝐟𝐢𝐞𝐝 𝐌𝐦 −   function which indices 𝑝, 𝑞  are 

increased to (𝑝 + 1), (𝑞 + 1). 
Analogously, Riemann − Liouville  fractional derivative operator [5,8] of the 𝐌𝐦 -Function with respect to 𝑧. 

       𝐷𝑧 
𝑣 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡) =

1

Γ(n − 𝑣)
(

𝑑

𝑑𝑧
)

𝑛

∫(𝑧 − 𝑡)𝑛−𝑣−1

𝑧

0

𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡) 𝑑𝑡 

       𝐷𝑧 
𝑣 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌 (𝑡) =

1

Γ(n − 𝑣)
(

𝑑

𝑑𝑧
)

𝑛

∫(𝑧 − 𝑡)𝑛−𝑣−1

𝑧

0

 

∑
(𝑎1)𝑛𝑘  … (𝑎𝑝)

𝑛 𝑘
(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1

𝑘1
𝑛 … 𝑘𝑝

𝑛 (𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑙1
𝑛 … 𝑙𝑞

𝑛 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
𝑑𝑡 

=
1

Γ(n − 𝑣)
∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛 𝑘

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1

∏ 𝑏𝑖
𝑏𝑖   𝑛

𝑖=1

𝑘1
𝑛 … 𝑘𝑝

𝑛 (𝑐)(𝑛+𝛾)𝛼−𝛽−1

𝑙1
𝑛 … 𝑙𝑞

𝑛 𝑛! Γ((𝑛 + 𝛾)𝛼 − 𝛽)
 𝑐(𝑛+𝛾)𝛼−𝛽−1 (

𝑑

𝑑𝑧
)

𝑛

 

∫(𝑧 − 𝑡)𝑛−𝑣−1 

𝑧

0

𝑡(𝑛+𝛾)𝛼−𝛽−1 𝑑𝑡 

=
1

Γ(n − 𝑣)
∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛𝑘 

(𝛾)𝑛𝑘   

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

 
∏ 𝑎𝑖

𝑎𝑖𝑛
𝑖=1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛
𝑛! Γ((𝑛 + 𝛾)𝛼

− 𝛽) 𝑐(𝑛+𝛾)𝛼−𝛽−1 (
𝑑

𝑑𝑧
)

𝑛

 

𝑧(𝑛+𝛾)𝛼−𝛽+𝑛−𝑣−1 𝐵(𝑛 − 𝑣, (𝑛 + 𝛾)𝛼 − 𝛽  

We use the modified Beta-function: 

∫(𝑏 − 𝑡)𝛽−1 

𝑏

𝑎

(𝑡 − 𝑎)𝛼−1 𝑑𝑡 = (𝑏 − 𝑎)𝛼+𝛽−1 𝐵(𝛼, 𝛽),   for 𝑅(𝛼) > 0, 𝑅(𝛽) > 0 
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=
1

Γ(n − 𝑣)
∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛𝑘 

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘
 

∏ 𝑎𝑖
𝑎𝑖𝑛

𝑖=1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1

∞

𝑛=𝑜

 𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛
𝑛! Γ((𝑛 + 𝛾)𝛼

− 𝛽) 𝑐(𝑛+𝛾)𝛼−𝛽−1 (
𝑑

𝑑𝑧
)

𝑛

𝑧(𝑛+𝛾)𝛼−𝛽+𝑛−𝑣−1 

Γ(𝑛 − 𝑣)Γ((𝑛 + 𝛾)𝛼 − 𝛽)

Γ((𝑛 + 𝛾)𝛼 − 𝛽 + 𝑛 − 𝑣)
  (4.2) 

Where 𝑘 + 1 > 0, 𝑛 − 𝑣 > 0 

Differentiation n times the term 𝑧(𝑛+𝛾)𝛼−𝛽+𝑛−𝑣−1 and using again  

 Γ(𝑎 + 𝑘) = (𝑎)𝑘Γ(𝑎), representation (4.2) reduces to 

=
1

Γ(𝛼(𝑛 + 𝛾) − 𝛽 + 𝑛)
𝑧−𝑣 ∑

(𝑎1)𝑛𝑘  … (𝑎𝑝)
𝑛𝑘 

(𝛾)𝑛𝑘

(𝑏1)𝑛𝑘 … (𝑏𝑞)
𝑛𝑘

 
∏ 𝑎𝑖

𝑎𝑖𝑛
𝑖=1

∏ 𝑏𝑖
𝑏𝑖    𝑛

𝑖=1

(𝛿)𝑛𝑘

(𝜌)𝑛𝑘

∞

𝑛=𝑜

𝑘1
𝑛 … 𝑘𝑝

𝑛

𝑙1
𝑛 … 𝑙𝑞

𝑛

1

𝑛!
 

 

× (𝑐𝑧)(𝑛+𝛾)𝛼−𝛽−1(𝛼(𝑛 + 𝛾) − 𝛽)𝑛

 

((𝑛 + 𝛾)𝛼 − 𝛽 − 𝑣)
𝑛

 

 

 𝐷𝑧 
𝑣 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌

 

1

Γ(𝛼(𝑛+𝛾)−𝛽+𝑛)
 𝑧−𝑣 𝐌𝐦𝑞

𝑘1,…𝑘𝑝,𝑙1,…𝑙𝑞;𝑐

𝑝
𝛼,𝛽,𝛾,𝛿,𝜌

 ( 𝑎1 … 𝑎𝑝, 𝛾, 𝛿, (((𝑛 + 𝛾)𝛼 − 𝛽) ) ; , 𝑏1  … 𝑏𝑞, 𝜌, , ((𝑛 + 𝛾)𝛼 − 𝛽 −

𝑣);  𝑧)                                                                                                                         (4.3)  

  
(4.3) gives a Riemann − Liouville fractional derivative of 𝑁𝑒𝑤 𝐀𝐝𝐯𝐚𝐧𝐜𝐞𝐝 𝐌𝐨𝐝𝐢𝐟𝐢𝐞𝐝 𝐌𝐦 −   function, which indices p, q are 

increased to (p+1),(q+1). 

  

CONCLUSION 
In this present work, we have introduced a new special function and two new results in which we have obtained 

fractional Integration and Fractional Differentiation of New Advanced Modified Mm- Function.  
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